We introduce the one-dimensional PT -symmetric Schrödinger equation, with complex potentials in the form of the canonical superoscillatory and suboscillatory functions known in quantum mechanics and optics. While the suboscillatory-like potential always generates an entirely real eigenvalue spectrum, its counterpart based on the superoscillatory wave function gives rise to an intricate pattern of PT -symmetry-breaking transitions, controlled by the parameters of the superoscillatory function. One scenario of the transitions proceeds smoothly via a set of threshold values, while another one exhibits a sudden jump to the broken PT symmetry. Another noteworthy finding is the possibility of restoration of the PT symmetry, following its original loss, in the course of the variation of the parameters.
Introduction
The concept of complex-valued quantum Hamiltonians has been known for decades [1] [2] [3] [4] , yet for a long time it was commonly believed that a mandatory requirement for the reality of eigenvalues in a quantum system was the Hermiticity of the Hamiltonian. This belief was held firm in spite of producing several examples showing that complex Hamiltonians may generate a set of real eigenvalues [5] [6] [7] [8] . It was the seminal work of Carl Bender and Stefan Boettcher (1998) [9] which showed that, by replacing the Hermiticity with the weaker condition of the PT symmetry, it is possible to construct classes of non-Hermitian Hamiltonians that exhibit completely real spectra of eigenvalues. An important principle found in this context is the necessary, yet not sufficient, condition for the PT symmetry, which states that a complex potential, if it is a part of the Hamiltonian, must satisfy the constraint V (ξ) = V * (−ξ), where ξ is the position coordinate. Many works examined different families of complex potentials satisfying this condition [9] [10] [11] [12] [13] [14] [15] [16] .
In the field of optics, the paraxial propagation of light in materials which include optical gain and loss can be modelled by the Schrödinger equation including a complex potential. As a consequence, it is possible to emulate the evolution of quantum PT -symmetric systems in terms of classical optics. This concept was elaborated in numerous works [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] and demonstrated experimentally in various settings, such as optical waveguides [34] [35] [36] , lasing [37] , microcavity resonators [38] , metamaterials [39] , microwaves [40] , electronic circuits [41] and acoustics [42] . Usually, PT -symmetric potentials contain a control parameter, the variation of which leads to breaking of PT symmetry, at a certain threshold value of the parameter. Above the threshold, eigenstates of the PT -symmetric Hamiltonian no longer remain eigenfunctions of the PT operator, and, at least, a subset of the spectrum of eigenvalues ceases to be real [9, 43] . PT -symmetry breaking was theoretically considered in various contexts, and experimentally realized in optics [34, [44] [45] [46] .
Superoscillations are a phenomenon in which a band-limited signal oscillates locally faster than its highest Fourier component [47] . A canonical superoscillatory function was found by Aharonov et al. [48] in the theoretical framework of weak quantum measurements. A complementary canonical form for suboscillatory functions, i.e., signals which exhibit local oscillations that are slower than their lowest Fourier component, was recently found as well [49] . Superoscillations have found applications in various fields of optics, such as imaging [50] [51] [52] , ultrafast optics [53, 54] , nonlinear light propagation [55] , light-beam shaping [56] [57] [58] and optical traps [59] .
In this work we first derive a potential for which the canonical superoscillatory function is an eigenstate of the Hamiltonian of the Schrödinger equation. The potential turns out to be a canonical suboscillatory function, and it is endlessly PT -symmetric, always generating an entirely real spectrum of eigenvalues. Then we consider the superoscillatory complex canonical function itself as a new complex PT -symmetric potential. Varying its parameters, we report an intricate picture of PT -symmetry-breaking phase transitions. In particular, there are regions in the parameter space where the variation leads to gradual expansion of the complex (PT -symmetry-broken) part of the spectrum, while in other regions one can find paths for changing the parameters that lead to abrupt PT -symmetry breaking. Furthermore, there are regions in which the initial symmetry breaking is followed by its restoration. The effects of broken PT symmetry on the evolution of localized field pulses are explored too by means of direct simulations.
Analysis

A complex potential supporting the superoscillating wave function
First we consider the canonical superoscillatory function, devised originally in the context of weak measurements in quantum mechanics [48] [60]:
where a is a real parameter, and N is an integer. We aim to identify it as a stationary wave function,
of the scaled Schrödinger equation with a complex potential, V (ξ):
In terms of optics realization, η and ξ are, respectively, the longitudinal propagation distance and transverse spatial coordinate, while E is the propagation constant [61] (−E would be the energy eigenvalue in the quantum model). By substituting expression (2) into Eq. (3), we conclude that the wavefunction (2) is supported as an eigenstate, with the eigenvalue E = N 2 , by the following potential:
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The complex potential V SO (ξ) is a PT -symmetric one, as it is subject to the condition V SO (ξ) = V * SO (−ξ), with * standing for complex conjugation [43] . In addition, this potential, which supports the canonical superoscillatory function as the stationary state of Schrödinger equation (3), can be identified as the known canonical suboscillatory function [49] .
Because V SO (ξ) is a complex periodic function, it can be expanded into the Fourier series:
where the coefficients C n can be readily calculated:
As shown by Bender et al. [10] , any complex potential having a polynomial form in exp(iξ) results in an entirely real spectrum. According to Eq. (6), the Fourier transform of V SO (ξ) is discrete and completely single-sided, i.e., the potential (5) is a polynomial of this type, hence, for all a and N , the respective energy spectrum remains endlessly real, with no occurrence of PT -symmetry breaking. An example of potential V SO (ξ) with parameters N = 4 and a = 2 is shown in Fig. 1 . Note that the calculated energy bands for this case are indeed entirely real, and they include eigenvalue E = N 2 = 16, corresponding to the above-mentioned eigenfunction in the form of the canonical superoscillatory function. 3/13
The complex potential in the form of the canonical superoscillating function
We now consider the complex potential which itself has the form of the canonical superoscillatory function,
where the above constraints on the parameters a and N are relaxed, both being taken as a pair of positive rational numbers. This form can be regarded as a generalization of previously examined real and PT -symmetric potentials, viz., ones in the form of cos N (ξ) (for a = 0 and positive integer N ), i sin N (ξ) (for a 1 and odd integer N ) [10, 43] , 4 cos 2 (ξ) + ia sin(2ξ) (a > 1, N = 1) [45] and exp(iN ξ) (for a = 1 and positive integer N ) [10, 62] . Since N may now be a fractional power, the complex potential (7) may be a multivalued function. To remove the complex-roots ambiguity, we select the following relation to uniquely define V SOF (ξ):
where g(ξ) is the same as in Eq. (1), and atan 2 (·) is the "four-quadrant" inverse tangent, which is defined as the angle between the positive x axis and the vector ending at point (Re{g(ξ)}, Im{g(ξ)}). The resulting angle belongs to the interval [0, π] for Im{g(ξ)} ≥ 0, and to (−π, 0) for Im{g(ξ)} < 0. We use the numerically implemented Bloch-Floquet technique [63] to calculate the energy spectrum of potential (7) for various values of the parameters a and N . Unlike the complex potential of Eq. (4), the present one gives rise to PT -symmetry breaking at sufficiently large values of a. To quantify this effect, we introduce a measure, ρ n (a, N ), for the n-th band of eigenvalues E, which quantifies a relative degree of the PT -symmetry breaking in the band, by calculating the portion of the Brillouin zone, −1 < k < +1 (of the corresponding quasi-momentum k) in which the eigenvalues are complex:
with I n (k, a, N ) defined as:
where ε is an arbitrarily chosen small number (we fix ε = 10 −6 ). The measure was calculated in the first energy band for a set of parameter values in the range of 0 < a ≤ 4, 0 < N ≤ 8. This procedure produces a map indicating the relative degree of PT -symmetry breaking within the examined range, which is displayed in Fig. 2 . It shows that the spectrum remains real for even integer values of N in Eq. (7), while it is obvious that symmetry breaking takes place when N is an odd integer. Generally, as the parameter a increases (starting at zero), a threshold is crossed at some point at which symmetry breaking sets in, while the further growth of this parameter increases the symmetry-breaking degree, until eventually all the real eigenvalues in the first band are eliminated.
Here, we focus on the analysis for the first (lowest) energy band, as PT symmetry is, generally, more fragile in higher ones, making the situation less physically relevant. Nevertheless, some results for the second band are displayed below in Fig. 3 . 1 (a, N) . The darkest (brightest) color, corresponding to ρ 1 (a, N ) = 0 (ρ 1 (a, N ) = 1), shows the domain of parameters where the first band is entirely real (complex). Some specific cases of interest are marked, including positive integer N at a = 1, where potential (7) is exp(iN ξ) (white crosses), even integer N (white dotted lines), N = 1 (the white dashed dotted line), and, finally, N = 4, a = 2.5 (black arrows), where a sharp PT symmetry transition is clearly observed in the lower subframe zooming this region.
The particular case of potential (7) with a = 1 and integer N , i.e., V SOF (ξ) = exp(iN ξ), was studied previously [62] . Further, for N = 1 the latter potential is tantamount to the well-known one, V = 4 cos 2 (ξ) + ia sin(2ξ) , which has been examined in detail [45, 46] (the DC [constant] component in V may be eliminated by an overall energy shift). The map displayed in Fig. 2 demonstrates that, in some intervals of values of N , such as 0 < N < 2, the increase in a leads to crossing of the PT -symmetry-breaking threshold, while the breaking measure, ρ 1 , keeps growing with the further increase of a. However, at other values of N the dependence on a may be non-monotonous. For instance, at N = 2.5 the further increase of a beyond the symmetry-breaking threshold brings the system back to unbroken PT -symmetry phase, with an entirely real energy spectrum. In this case, the subsequent increase of a up to, at least, a = 8 (the larges value for which the computation was performed) does not lead to a new symmetry-breaking event. In this connection, it is relevant to mention that examples of the restoration of the once broken PT -symmetry with the continuing increase of a relevant control parameter (typically, it is the strength of the gain-loss terms) are known in some completely different systems, such as nonlinear
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PT -symmetric models [64] , nano-optical (subwavelength) PT -symmetric media [65] , and in scattering and lasing models as well [32, 33] . Further, recall that even integer values of N are exceptional, as the symmetry breaking does not take place for them.
Our next observation is a very sharp transition between the PT -symmetric and broken-symmetry phases at a > 2.2 in a vicinity of N = 4. For N = 4, the first energy band remains entirely real (as for all even N ), while adding a small fractional part to N turns the real band into a completely complex-valued one, as can be seen in Fig. 3 , which displays the calculated energy eigenvalues in the first and second bands for potential (7) with a = 2.5 and N = 3.9, 4.0, and 4.1. Note that the potentials seem almost identical in these three cases, while the difference in the energy-band structure is dramatic, including the PT -symmetry breaking taking place at N = 3.9 and 4.1, but absent at N = 4. The smallness of |N − 4| may be a reason for virtually constant values of the imaginary eigenvalues across the Brillouin zone, which may be a subject for additional analysis. To further examine the sharp transition, we use a well-known technique [10, 66] to perform Floquet analysis of solutions to the Schrödinger equation with potential (7). Accordingly, stationary wave functions ψ k (ξ) are represented by a linear combination of two mutually orthogonal basis functions: ψ k (ξ) = c k u 1 (ξ) + d k u 2 (ξ), which are subject to the following boundary conditions:
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We have found the basis functions as numerical solutions to the stationary Schrödinger equation, including potential (7) with a = 2.5 and N = 3.9, 4.0, or 4.1. According to the Floquet analysis, the solution ψ k (ξ), satisfying the Bloch condition, ψ k (ξ + Λ) = e ikΛ ψ k (ξ), with the potential's period Λ (in the present notation, Λ = π), is bounded provided that the discriminant, ∆ (E) ≡ u 1 (Λ) + u 2 (Λ), is real and meets the constraint |∆ (E)| ≤ 2. When this criterion is satisfied, there exists a real-valued band of eigenvalues. Fig. 4 shows the calculated discriminant ∆(E) as a function of the energy for each one of the three cases, N = 3.9, 4.0, and 4.1. It is seen that, in the cases of N = 3.9 and N = 4.1 (the top and bottom rows) the discriminant's condition breaks for E > 0, on the contrary to the case of N = 4.0, where a sharp minimum appears in the region of 6 < E < 7, allowing for the boundedness of ψ(ξ) and for the existence of a real-energy band. Further calculation of the real-energy bandwidth (max(E n ) − min(E n )) for N = 4.0 exhibits an exponential decrease as the a parameter increases. We attribute the narrowing of the band to the exponential decrease in the magnitude of the superoscillatory feature in the imaginary part of the potential, and to the increase of the maxima magnitude in the real part. Next, we used the Crank-Nicolson algorithm [67] to simulate the evolution of a wide Gaussian wave packet, set initially around η = 0, governed by Eq. (3), again with the potential (7) corresponding to a = 2.5 with N = 3.9, 4.0, and 4.1. Figure 5 displays the evolution of the local intensity of the wave packet, |ψ (ξ, η)| 2 , in each case. The blowup (exponential growth of the field's amplitude) is, quite naturally, observed in the cases of Figure 5 . The simulated evolution of the local intensity of the broad initial Gaussian, displayed for potential (7) with a = 2.5 and N = 3.9 (left), N = 4.0 (center), N = 4.1 (right). In the left and right panels, the log scale is used.
broken PT symmetry, corresponding to N = 3.9 and 4.1 (the left and right panels in Fig. 5 ), while, in the absence of symmetry breaking (N = 4.0, the central panel), the wave packet retains a stable shape.
To complete the picture presented in Fig. 2 , we finally consider the case of a = 0 and 0 ≤ N ≤ 8, i.e., the potentials in the form of V SOF (ξ) = cos N (2ξ). In the case when N is an integer, this potential is clearly Hermitian, generating real energy spectra, while when N is a rational fraction, the potential is multivalued and generally complex. Yet, unlike the case of a = 0, where the entire potential is complex-valued, a fractional power of cos(2ξ) produces roots which are entirely real or piecewise real and complex. For any positive value of cos(2ξ), real roots always exist, while for cos(2ξ) < 0 a real root exists if N is represented by an irreducible rational fraction, whose denominator is an odd integer:
(M is an arbitrary integer). Thus, one can construct the potential as a set of real roots, in case they are available, adding complex roots with the smallest phase when real roots are absent. Naturally, when Eq. (12) holds, the entire potential is real, producing a fully real eigenvalue spectrum. On the other hand, when Q in expression (12) is even, the potential includes complex segments, which results in PT symmetry breaking in the entire first band. The conclusion is that condition (12) , the validity of which has a sparse structure with respect to the rationals and is discontinuous everywhere, determines ρ 1 (0, N ) as follows:
which implies that the PT symmetry breaking measure ρ 1 (0, N ) itself is discontinuous and sparse.
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We have examined the properties of the canonical suboscillatory and superoscillatory complex wave functions from quantum mechanics, which are given by Eqs. (4) and (7), respectively, as PT -symmetric potentials in the one-dimensional Schrödinger equation. In the former case, we have found that such a complex potential always generates a purely real spectrum of energy eigenvalues, avoiding PT symmetry breaking. A more interesting situation takes place in the latter case, where the complex potential (7) gives rise to intricate phenomenology of the PT -symmetry breaking. Depending on values of the parameters, a and N in Eq. (7), we have found a wide region in which the symmetry breaking develops smoothly, with the increase of the control parameter a, and, on the other hand, a region exhibiting an extremely sharp transition from the phase of unbroken PT symmetry to broken symmetry. Another noteworthy finding is a possibility of the restoration of the originally broken PT symmetry with subsequent growth of the control parameter a. Direct simulations of the evolution of input field pulses demonstrate their stability in the case of the unbroken symmetry, and a blowup when the symmetry was broken. Generally, our analysis shows that two families of complex potentials offer an essential extension of previously examined PT -symmetric ones, and suggests that the new potentials may find application to waveguiding, lasing, filtering, and optical sensing. The refractive-index and gain-loss profiles emulating these potentials can be created by means of available experimental techniques.
As an extension of the present work reported, it may be interesting to consider a model combining the new PT -symmetric potentials with nonlinearity of the optical medium. A challenging direction for the development of the present analysis may be its extension to two-dimensional geometry.
